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Lipid bilayer was deformed by the electrostatic/electrokinetic forces induced by the fixed charges on the top
monolayer-solution interface. The strains, stresses and energy were simulated using finite element method.
The elastic moduli of the heads were four times greater than those of tails sections, but were individually iso-
tropic. The physics of the situation was evaluated using a coupled system of linear elastic equations and elec-
trostatic-electrokinetic (Poisson-Nernst-Planck) equations. The Coulomb force (due to fixed charges in the
electric field), and the dielectric force (due to uneven electric field and the solution-membrane permittivity
mismatch) bend the membrane, but unevenly. Whereas the bottom monolayer extends vertically (towards
charged surface), the top monolayer compresses. In contrast the top monolayer extends horizontally, but
the bottom monolayer compresses. The horizontal normal stress is higher in the heads than in the tails sec-
tions, but is similar in two monolayers, whereas the vertical normal stress is small. The horizontal normal
stress is associated with horizontal normal strain, and vertical with both vertical and horizontal strain. Sur-
prisingly, the shear stress (an indicator where the membrane will deform), is greater in the tails sections. Fi-
nally, the elastic energy (which is clearly greater in the heads sections) is dominated by its horizontal
component and peaks in the middle of the membrane. The shear component dominates in the tails sections,
and is minimal in the membrane center. Even spatially uniform external force thus leads to complex mem-
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brane deformation and generates complex profiles of stress and elastic energy.
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1. Introduction

The membrane plays numerous roles and influences or critically
determines the functioning of the cells or cellular organelles. The
membrane delineates the boundaries of cells and compartmentalizes
cellular organelles, and modulates the functioning of a variety of bio-
logical processes, and this often depends on the membrane shape.
The shape, which is often intricate, thus has to be regulated precisely
[1,2]. As argued persuasively in several studies the membrane curva-
ture is to a significant extent determined by the elastic interactions
between embedded proteins and the membrane [3,4,2]. Such interac-
tions may in turn influence the spatial distribution of membrane pro-
teins [5] and their function [6]. Finally, if the individual membrane
proteins undergo conformational changes, this can also be communi-
cated via deformations they cause in the elastic bilayer to the sur-
rounding membrane proteins, and may further influence how the
membrane proteins are spatially organized, and how they function.
Individually, bilayer thickness, spontaneous curvature and bending
stiffness can each modulate the function of membrane proteins [7,8].
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For example the gating properties of mechano-sensitive (MS)
channels, whose role is to respond to membrane mechanical stress,
and which are influenced by the mechanical conditions of the mem-
brane, depend on membrane curvature [9]. In prokaryotic cells
[10,11,12] and in some eukaryotic MS channels [13], the transduction
mechanism of MS channels responds directly to bilayer deformations
and occurs at the protein-lipid interface. In contrast MS channels of
other eukaryotic cells respond to mechanical deformations through
the cytoskeletal network [14]. The membrane stresses probably influ-
ence not only the functions of MS channels, but also other channels
and other proteins and lipids embedded in the biological membrane
by modifying the “working” condition for their activity [15,16]. The
membrane stress can alter the dimerization kinetics of the channel-
forming peptide gramicidin A [17]. Hyposmotic swelling in pituitary
cells directly modulates calcium influx through L-type channels,
which plays a critical role in regulating basal and evoked transmitter
or hormone secretion in a variety of secretory cells [18,19], and alters
the hormone secretion [20]. Given that swelling leads to a higher
membrane tension, the calcium channels probably directly sense
change in membrane tension [21,22], which influences their gating.
The mechanical state of the membrane can also have a large effect
on the function of a voltage dependent K channel [23]. Finally, the
membrane tension may also directly modulate exocytosis and endo-
cytosis, with greater membrane tension stimulating the exocytosis,
but suppressing the endocytosis [24].
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Given that membrane stresses may be influencing the function
and spatial distribution of a variety of membrane proteins and the
fact that the reshaping of the membrane bilayer occurs on a wide
length scale (ranging from the micrometer to nanometer), better un-
derstanding of the stresses and their spatial distribution is needed.
We evaluated the strains, stresses and elastic energy within the mem-
brane bilayer bent by a spatially uniform and constant electrostatic
force induced by an asymmetrically charged membrane placed in a
liquid electrolyte [25]. The electrostatic/electrokinetic forces were es-
timated by evaluating a coupled system of electrostatic/electrokinetic
(Poisson-Nernst-Planck) equations [26,27,28], and strains, stresses
and elastic energy within the membrane were evaluated using linear
elastic equations [29,30,31]. The ionic concentrations and composi-
tion were as encountered physiologically [25].

Although the basic aspects of membrane bending can be studied
by considering the membrane as an elastic surface [1,32], the focus
of this study is in determining what the strains and stresses are with-
in the membrane. We thus took into account its finite thickness and
different elastic properties of heads and tails sections [2]. The elastic
moduli of the heads and tails sections were different, but were indi-
vidually both homogeneous and isotropic [25]. The simulations dem-
onstrate that the stresses are distributed very unevenly in the bilayer.
Briefly, the horizontal normal stress dominates in the heads sections,
the shear stress in the tails sections, and the vertical normal stress is
small everywhere.

2. Methods

We evaluated numerically the deformation of a segment of the mem-
brane lipid bilayer due to the presence of fixed charges on the internal
side of the bilayer, but also due to the potential difference between two
compartments bathing the membrane containing an electrolyte solution
made of K™, CI™ (intracellular or upper compartment) or Na* and Cl—
(extracellular or lower compartment). The flat lipid membrane is consid-
ered as a two-dimensional (2-D) sheet in the x-y plane of the Cartesian
coordinate system (x, y, z) with the center of the lipid bilayer in the origin.
Fig. 1 depicts the schematic representations of the lipid bilayer. To account
for the amphiphilic, and in turn anisotropic, nature of each lipid monolay-
er, we divide it into two sections — a hydrophilic heads section and a hy-
drophobic tails section. The height of the lipid monolayer h is 2 nm, its
heads section hy, is 0.7 nm, whereas the tails section h; is 1.3 nm (or as
otherwise specified). The length of the membrane L=20nm (or in
some simulations 40 nm or 80 nm), and its thickness t,, is 100 nm. h,,
(=8nm) and h; (=4 nm) denote the heights of the upper and lower
compartment, respectively. The subdomains and boundaries of the lipid
bilayer are S; and B; respectively, where i=1-6 and j=1-19.

To analyze the structural deformation of the lipid membrane we
consider the plane-stress model in the associated subdomains (i.e., 2,
3,5, and 6). In contrast, the Poisson equation describing the electrostat-
ics is defined in all the subdomains. The Nernst-Planck equation de-
scribes the electrokinetic flow and accounts for the movement (i.e.,
diffusion and migration) of ions in the electrolyte media and is active
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Fig. 1. Schematic representation of the lipid bilayer in the x-z plane. The membrane height
h is divided into the hydrophilic heads (closed circles) with the height h; and the hydro-
phobic tails (h;) sections. L is the membrane length, and h,, and h; are the heights of the
upper and lower compartments with the electrolyte solution. The membrane plane is cen-
tered at the origin, and its thickness t,, is 100 nm. L is 20 nm, h is 2 nm, h,=0.7 nm,
h,=8nm, and hy=4nm. S; (i=1-6) and B; (j=1-19) stand for the subdomains and
boundaries of the lipid bilayer, respectively, and are defined in Table 1.

in subdomains 1 and 4. The membrane is assumed to be impermeable
to movement of ions. Table 1 gives all boundary conditions and
Table 2 details the model parameters and constants. In the companion
paper we described in detail how to calculate all electrostatic (potential,
electric field, space charge density), electrokinetic variables (concentra-
tions), but also electrostatic forces (Coulomb and dielectric) and stres-
ses (Maxwell stress). In the Appendix of the same paper we gave all
equations for the structural analysis and showed how to evaluate the
elastic strains, stresses, surface traction and elastic energy for an isotro-
pic and an anisotropic membrane bilayer [25]. Finally, the numerical
evaluation of the system of coupled equations given by the Poisson-
Nernst-Planck and elastic equations was done using finite element
method and a commercial software package program Comsol 3.5 (Com-
sol, Burlington, MA, USA), whereas the postprocessing was performed
using a software package for scientific and engineering computing
Matlab (MathWorks, Natick, MA, USA).

3. Results
3.1. Membrane deformation

How does the membrane deform as it is pulled up by the electrostat-
ic (Coulomb and dielectric) forces? Fig. 2A gives the horizontal plot of
the vertical displacement of the top and bottom membrane surface,
and it is clear that even when the vertical displacement is significant,
the difference in displacement is small. Nevertheless, it is of interest to

Boundary Plane Stress Electrostatics Electro-kinetics
B1, B7, B10, B11 NA Zero charge symmetry Insulation symmetry
B2 NA Electric potential Vg4 Concentration Cipq
B3, B5, B12, B13, B14, B15, B18, B19 Xx-y symmetry plane Zero charge symmetry NA
B4, B6, B16 Continuity Continuity NA
B8 Prescribed displacement: u and w in x and z Surface charge density Oeg Insulation symmetry
directions, respectively; applied total force due
to Maxwell stress tensor and charged surface (Feg)
B9 NA Electric potential V, Concentration Cjp,
B17 Prescribed displacement: u and w in x and z directions, Surface charge density Oe17 Insulation symmetry

respectively; Applied force due to Maxwell stress tensor (Fe;7)
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Table 2
Model parameters and constants.
Params Value Description Unit Refs
Ciou 150.0 K™ concentration (upper mol/m> or
compartment) mM
Caou 150.0 Cl™ concentration (upper mol/m> or
compartment) mM
Csou 0 Na* concentration (upper mol/m* or
compartment) mM
Ciod 0 K™ concentration (lower mol/m> or
compartment) mM
Caod 150.0 Cl~ concentration (lower mol/m* or
compartment) mM
C3od 150.0 Na™ concentration (lower mol/m> or
compartment) mM
D, 1.960x10~°  Diffusion coefficient of K* m?/s [28,35]
ions
D, 2.030x107°  Diffusion coefficient of CI~ m?/s [28,35]
ions
Ds 1.330x10~°  Diffusion coefficient of Na*  m?/s [28,35]
ions
e 1.602%x10~'°  Elementary charge C
R 8314 Universal gas constant J/(mol.K)
T 300.0 Temperature K
Vu —8.000x10~2 Electric potential (controlling V
edge of the upper
compartment)
Vq 0 Electric potential (controlling V
edge of the lower
compartment)
e 8.854x107'2  Permittivity of vacuum F/m
erw 80.0 Relative permittivity of the Dimensionless [27,26]
electrolyte media
€rm 2.0 Relative permittivity of the Dimensionless [28]
membrane
Pm 785.0 Membrane density kg/m> [28]
Oes —8.000x 1073 Surface charge density of the C/m? [34,35]
or as specified upper boundary of the
membrane bilayer (B8)
Oe17 0 Surface charge density of the C/m?
lower boundary of the
membrane bilayer (B17)
v 0.330 Poisson's ratio Dimensionless
Amhoe 4000 % 10° Young's modulus of volume Pa [2]
stretching-compression in
lateral direction (heads)
Amhxxzz 3930 10° Young's modulus of coupling Pa [2]
between lateral and normal
deformation (heads)
Amhzzzz  4.000x 10° Young's modulus of volume Pa [2]
stretching-compression in
normal direction (heads)
Amooee 1.000% 10° Young's modulus of volume  Pa [2]
stretching-compression in
lateral direction (tails)
Amovzz  0.980x 10° Young's modulus of coupling Pa [2]
between lateral and normal
deformation (tails)
Amizzzz  1.000x10° Young's modulus of volume ~ Pa [2]

stretching-compression in
normal direction (tails)

find to what extent the membrane extends (or compresses) vertically,
and whether the change is uniform. Fig. 2B depicts the cross-sectional
plot of the vertical displacement in the membrane center (x=0 nm)
and 5 nm to the right of the membrane center for a 20 nm membrane
segment, but also for longer 40 nm segment. In order to evaluate
whether all elements of the membrane are equally displaced, but also
to compare the displacement at two loci we normalized their vertical
displacement at the bottom of the membrane (i.e. we set them to
zero). The membrane is displaced progressively more and more starting
from the bottom of the membrane towards the top (i.e. the membrane
is vertically extended), although the difference is very small compared
to the thickness of the membrane. At the peak of the displacement the
difference amounts to just above 0.004 nm in the membrane center,
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Fig. 2. The membrane extends horizontally and compresses vertically in the top monolayer,
whereas opposite is true in the bottom monolayer. A) Horizontal profile of the vertical dis-
placement of the top heads-solution surface and the bottom heads-solution surface. B) Ver-
tical profile of the vertical displacement of the membrane in the membrane center
(x=0nm), and at 5 nm to the right for a 20 nm segment (as in all other panels) and for a
40 nm segment (as indicated). For better comparison, the vertical displacement is set to
zero at the bottom of the membrane. Note that the membrane is vertically extended (bottom
monolayer), but is compressed (top monolayer) as it is pulled up by the action of the electro-
static forces, especially in the membrane center regardless of the length of membrane seg-
ment. C) Horizontal profile of the horizontal displacement of the top heads-solution
surface, top heads-tails surface, tails-tails surface, bottom tails-heads surface and bottom
heads-solution surface. D) Vertical profile of the horizontal displacement of the membrane
in the membrane center (x=0nm), and at 5nm to the right and 5 nm to the left. The
fixed charge density was —64 mC/m? for a 20 nm long segment and — 32 mC/m? for a
40 nm long segment.

whereas it is under 0.003 nm when evaluated 5 nm to the right of the
membrane center. This trend of the membrane being extended verti-
cally is reversed in the upper portion of the top tails section of the
bilayer, where the membrane starts to compress vertically becoming
more pronounced in the top heads section of the bilayer. Thus
though the membrane is extended vertically overall, it constricts in
the top heads section and part of the top tails section. Qualitatively
similar change is observed when the membrane segment is 40 nm
long instead of 20 nm.

The horizontal deformation of the membrane though simpler is also
interesting (Fig. 2C). Whereas the top membrane surface is extended the
bottom membrane surface is compressed (the extension is shown as a
positive horizontal displacement in the right sections of the membrane
and negative in the left sections of the membrane). Moreover, as the
cross-sectional plots of the horizontal displacement in the membrane
center (x=0nm), 5 nm to the right of the membrane center and 5 nm
to the left (Fig. 2D) show the horizontal displacement (extension or
compression) increases approximately linearly, as one moves from the
membrane center (z=0 nm) upwards or downwards, though a slightly
greater slope is discernible in heads sections. Membrane deformation
was quantified further.
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3.2. Horizontal normal strain and stress

The elastic properties of the heads and tails sections are not the same
[2]. The evaluation of how these differences, which are taken into ac-
count in our simulations (see Methods), influence the normal and
shear strains and stresses provide interesting insights into membrane
deformation and forces determining it. Fig. 3A and D depicts 2D color
coded plots of the horizontal normal strain (defined as the relative
change of the horizontal length) and horizontal normal stress of the
membrane bilayer with the high (64 mC/m?) density of fixed charges
(negative) on the upper membrane surface. As expected the horizontal
normal strain is the highest and positive (extensive) in the upper heads
section and the highest and negative (compressive) in the lower heads
section. Same conclusion can be reached from the vertical cross-
sectional plots of the horizontal normal strain (Fig. 3B) and from the
horizontal profiles of the mean values of the horizontal normal strain
(Fig. 3C). In this and in all subsequent plots the cross-sectional plots
are in the membrane center (x=0nm), unless otherwise specified.
Note that the normal strain (horizontal) of 0.01 indicates 1% change in
length horizontally. The spatial profiles of the horizontal normal stress
appear to be more uneven (Fig. 3D), not surprisingly given that the
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elastic properties of the heads and tails sections are quite different
(see Table 2). Indeed, the mean values of the horizontal normal stress
(Fig. 3F) demonstrate that the normal stress (horizontal) is higher in
heads sections and changes faster with distance. The horizontal normal
stress changes strongly with fixed charge density. The best fitted curve
to the mean horizontal normal stress in the membrane center (x=0) is
meanHNS (MPa) = —0.296 4 0.023-FCD + 0.009-FCD (top heads sec-
tion), and meanHNS (MPa) = —0.129 4+ 0.015-FCD + 0.0006-FCD (top
tails section), where meanHNS is mean horizontal normal stress in
MPa and FCD is fixed charge density in mC/m?. Finally note that the nor-
mal stress of 1 MPa in the heads sections translates into tension of
0.0007 N/m, and in the tails sections into tension of 0.0013 N/m.

3.3. Vertical normal strain and stress

The vertical normal strain is the highest and positive (extensive)
in the bottom heads section, and the highest and negative (compres-
sive) in the top heads section (Fig. 4A; 2D color coded plot for the
membrane bilayer with the high (64 mC/m?) density of fixed charges
(negative) on the upper membrane surface; not to scale). The vertical
cross-sectional plots of the vertical normal strain (Fig. 4B) and the
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Fig. 3. 2D color plots of the horizontal normal strain (A) and stress (D) show their non-uniformity within the membrane. The horizontal normal strain is clearly extensive (positive)
in the upper heads section and compressive (negative) in the lower heads sections of the membrane. B) The change of the horizontal normal strain in vertical direction is significant,
but smooth. C) Horizontal profiles of the horizontal normal strain. E) The horizontal normal stress has higher values and changes more rapidly in the heads sections of the lipid
bilayer. The panels in B and E show the cross-sectional vertical plots at x=0 nm. The horizontal profiles of the horizontal normal strain (C), and the horizontal normal stress (F)

are average values in the heads and tails sections.
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horizontal profiles of their mean values (Fig. 4C) confirm this. 2D plot
(Fig. 4D), the cross-sectional plot (Fig. 4E), and the horizontal profiles
of the mean values (Fig. 4F) demonstrate that the vertical normal
stress rises from the low (near zero) level at the bottom of the mem-
brane to reach its peak (positive i.e. extensive) value at the top of the
membrane.

3.4. Components of horizontal and vertical normal stress

The normal stress (vertical or horizontal) is determined by two con-
tributions, one due to &, (& is horizontal strain or gradient of x-
displacement in x direction) and another due to €, (€, is vertical strain
or gradient of z-displacement in z direction; [25]). Fig. 5A gives the
cross-sectional vertical plots of these two contributions to the horizontal
normal stress together with their sum. Fig. 5B-C shows the horizontal
profiles of these contributions along the top membrane surface and bot-
tom membrane surface, respectively. Finally, Fig. 5D depicts the cross-
sectional vertical plots of these two contributions to the vertical normal
stress together with their sum. Fig. 5E-F shows the horizontal profiles of
the contributions to the vertical normal stress along the top membrane
surface and bottom membrane surface, respectively. The horizontal nor-
mal stress is largely determined by the &, contribution, whereas the ¢,

A

Normal Strain
(Vertical)
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contribution is quite small (Fig. 5A-C). Note however that both &, and
€, make the contribution to the vertical normal stress, and interestingly
the contribution of the &, is bigger than the €, contribution, although the
€, contribution is not negligible.

3.5. Shear strain and stress

Fig. 6A and D shows 2D color coded plots (not to scale) of the
shear strain and stress of the membrane with high (64 mC/m?) den-
sity of fixed charges (negative) on the upper membrane surface.
Note that both the shear strain and stress appear to be higher in the
tails sections than in the heads sections, and the corresponding
cross-sectional vertical plots and also the horizontal plots confirm
that this is indeed the case (Fig. 6B, C, E, and F). The shear strain
and stress distribution within the bilayer differ if the thickness of ei-
ther heads or tails sections changes. Both thicker headgroups and
tails sections were tried (in one simulation the thickness of the head-
group sections increased from 0.7 nm to 1 nm, and in another the
thickness of the tails sections rose from 1.3 nm to 2.0 nm). Neverthe-
less the distribution of the shear strain (Fig. 6B) and shear stress
(Fig. 6E) remained qualitatively the same (i.e. regardless of the
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Fig. 4. 2D color plots of the vertical normal strain (A) and stress (D) reveal their non-uniformity within the membrane. The vertical normal strain is clearly compressive (negative)
in the upper heads section and extensive (positive) in the lower heads sections of the membrane. B) Progressive decrease of the vertical normal strain going upwards is significant,
but not entirely smooth. C) The horizontal profiles of vertical normal strain. E) The vertical normal stress increases going upwards. The panels in B and E show the cross-sectional
vertical plots at x =0 nm. F) The horizontal profiles of vertical normal stress. The horizontal profiles of vertical normal strain (C), and vertical normal stress (F) are average values in
the heads and tails sections.
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Fig. 5. The horizontal and vertical normal stress and its components. The cross-
sectional vertical plots at the membrane center (at x=0 nm) of the horizontal normal
stress and its components (one due to &, and another due to €,; A), and of the vertical
normal stress (D). The horizontal profiles of the horizontal normal stress and its com-
ponents along the top membrane solution surface (B), and the bottom membrane so-
lution surface (C). The horizontal profiles of the vertical normal stress and its
components along the top membrane solution surface (E), and the bottom membrane
solution surface (F).

thickness of heads or tails sections the shear strain and stress remain
higher in the tails sections than in the heads sections).

3.6. Components of shear stress

Fig. 7A, illustrates the cross-sectional vertical plots of the two con-
tributions to the shear stress, one due to dw/ox (i.e. due to the change
of vertical displacement in horizontal direction) and another due to
du/o6z (i.e. due to the change of horizontal displacement in vertical di-
rection). Their sum is shown in Fig. 7A,. Both components, as
expected, have greater values in the heads sections owing to the
fact that the Young modulus is greater in the heads sections. Their
sum is nevertheless higher in tails sections due to the fact that their
values (which are opposite in sign) are more similar in the heads sec-
tions. Same argument applies to the components of the shear stress
5 nm to the right of the membrane center, except that all values are
much greater (Fig. 7C;-C,). Fig. 7B and D shows the horizontal pro-
files of the contributions to the shear stress along the top membrane
surface (Fig. 7B;), and middle membrane surface (Fig. 7D,) with cor-
responding sums (Fig. 7B, and D, respectively). Two contributions,
which are quite large (especially those along the top membrane sur-
face), are opposite in sign and change in opposite direction (Fig. 7B,

and D). Their sums are quite small, but significantly bigger on the
surface in the middle of the membrane (tails sections).

3.7. Traction

Further understanding of the forces acting on the membrane bi-
layer can be gained by evaluating the spatial profiles of traction on
‘virtual’ horizontal and vertical edges. These are not physical parti-
tions and exist simply for the purposes of analysis. They are not part
of simulations, but only of post-processing. Fig. 8A depicts the spatial
profiles of the vertical traction on horizontal edges (averaged over
1 nm horizontal sections obtained by partitioning of the heads-tails
or heads-solution interfaces). The vertical traction is (as expected)
the highest at the membrane top surface, where it is also quite uni-
form. It diminishes as one goes towards the bottom of the membrane,
and at the bottom of the membrane it is almost zero. Note that the
vertical traction becomes also more non-uniform at the horizontal
edges in the middle of the membrane. Fig. 8B represents the spatial
distribution of the horizontal traction on horizontal edges. The trac-
tion, which is clearly greater on the edges in the membrane interior,
changes linearly with distance. The vertical traction on the vertical
edges, which was averaged over 0.7nm (heads sections) and
1.3 nm (tails sections), is also generally greater for the edges in the
membrane interior, where it also changes more with distance
(Fig. 8C). Finally, the horizontal traction on the vertical edges, which
is by far the greatest, is the largest in the middle of the membrane
(x=0nm), being positive for the bottom monolayer and negative
for the top monolayer (Fig. 8D). The horizontal tractions and horizon-
tal forces dominate and critically influence membrane deformation.

3.8. Elastic energy

It is clear from the 2D plot of the elastic energy density that it is
not spatially uniform, but that in the heads sections it peaks in the
middle of the membrane (i.e. at x=0 nm; Fig. 9A). Whereas this is
not surprising given that the deformation is the greatest there, it is
worthwhile dissecting its contributing components. In the heads sec-
tions (both top and bottom) the elastic energy density is completely
dominated by its normal horizontal component, which indeed peaks
in the middle of the membrane (i.e., at x=0 nm), and is essentially
the same in the top and bottom sections (Fig. 9B-C). In contrast, in
the tails sections its shear component is clearly the most important,
although the normal horizontal component is not negligible, especial-
ly in the middle of the membrane. The shear component of the elastic
energy density is however zero in the middle of the membrane in the
tails sections (i.e., at x=0 nm). The total elastic energy density has a
minimum in the middle of the membrane, but it is not zero due to the
contribution of the normal horizontal contribution. Finally, note that,
and as 2D plot suggests, the elastic energy density clearly peaks in the
middle of the membrane in the heads sections (top and bottom;
Fig. 9F), as does the total elastic energy, which includes the contribu-
tions of the heads and tails sections (Fig. 9G).

4. Discussion
4.1. Forces acting on the charged lipid bilayer in liquid electrolyte

The main goal of these simulations is to evaluate how the elastic
stresses are spatially distributed within the membrane as a result of
its bending induced by the spatially uniform surface electrostatic
(Coulomb and dielectric) forces [25]. The membrane, which was
placed in a liquid electrolyte, was elastically complex. It was aniso-
tropic overall, but the heads and tails sections though having different
moduli, were individually both homogeneous and isotropic. These
simulations thus differ from recent simulations where full anisotropy
was considered [2], but the difference is negligible and the
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the membrane.

deformations were identical [33]. This choice however rendered the
simulations faster. The electrokinetics was evaluated in the solution
and the electrostatics in the whole domain (i.e. in the membrane as
well as in the solution on both sides of the membrane) using a
coupled system of electrostatic—electrokinetic (Poisson-Nernst-
Planck) equations, and the electrostatic variables (potential, electric
field, Maxwell stress tensor, Coulomb force, dielectric force and
space charge density), as well as electrokinetic variables (ion concen-
trations) were calculated [26,27,25]. Membrane deformation is driv-
en by: a) the Coulomb force (due to the presence of the fixed
charges on the upper membrane surface and the electric field at the
same surface), and b) the dielectric force (calculated from the Max-
well stress tensor at the same surface). The dielectric force, which is
significantly smaller than the Coulomb force, is not negligible, and re-
sults from the uneven electric field and the membrane-water permit-
tivity mismatch [27,25]. It always acts from the solution towards the
membrane owing to much higher permittivity of water than mem-
brane (permittivity is 80 and 2 respectively). The dielectric force at
the upper membrane surface thus curtails the Coulomb force, whose

direction is from the membrane towards the surface with the fixed
charges regardless of the polarity of charges [25]. There is also a di-
electric force at the lower surface, but it is negligible. Finally, the elas-
tic equations were used to compute the membrane deformation, the
normal (horizontal and vertical) and shear stresses and strains as
well as elastic energy density.

4.2. Vertical and horizontal normal strains and stresses

Even though the external electrostatic force is spatially uniform, an
evaluation of the vertical displacement reveals complexities of mem-
brane deformation. Combined effect of the electrostatic forces (Coulomb
and dielectric) is to bend the membrane upwards (ie. towards the
membrane surface with fixed charges; [25]), but all membrane sections
are not equally vertically deformed. The vertical normal strain (indicat-
ing the relative change of vertical length of the unitary volume) dimin-
ishes going upwards, becoming negative in the top monolayer, and is
especially low (negative) in the top heads section. The bottom monolay-
er is thus vertically extended, whereas the top monolayer is vertically
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middle membrane surface (D). Note that the contributions to the shear stress due to
dw/bx and du/d6z change in opposite direction with the horizontal distance (B; and
D). Their sum (i.e. the shear stress) is in both cases much smaller than individual con-
tributions, but is still much higher along the middle membrane surface (i.e., in the tails
section) than along top membrane surface (i.e. in the heads section).

compressed, and this pattern of extension-compression does not de-
pend on how long the membrane section is used for simulations. Its hor-
izontal change is different, and has near zero values at both ends (left
and right) and either a minimum (top monolayer) or a maximum (bot-
tom monolayer) in the middle of the membrane (i.e. equidistantly from
the left and right end). The horizontal normal strain (indicating the rel-
ative change of horizontal length of the unitary volume) increases al-
most linearly going upwards. Its horizontal profile is different, zero at
both ends and with either a minimum (bottom monolayer) or a maxi-
mum (top monolayer) in the middle of the membrane. The membrane
thus extends horizontally and compresses vertically in the top monolay-
er, whereas opposite is the case in the bottom monolayer.

The evaluation of stress profiles and a comparison of the stress and
strain profiles provide additional insights. Stress is a tensor property,
and on every surface in a bilayer it can be split up in one component
normal to the plane (normal stress), and two (perpendicular) compo-
nents in the plane (shear stress; [29]). Moreover, the normal strain
and normal stress of any plane are related (directly), but the normal
strains of planes perpendicular to the plane studied also contribute (in-
directly) to the normal stress. The indirect contributions depend on the
Poisson ratio, which defines how much a material that is extended (or
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Fig. 8. The spatial distribution of traction. A) Mean vertical traction on the horizontal
edges is uniform horizontally at the heads (top) - solution surface, but is non-
uniform in the interior of the membrane. On all horizontal surfaces it presses down-
wards. B) Mean horizontal traction on the horizontal edges is much greater on the
edges in the membrane interior, than on the edges on the membrane surface. Note
that it is positive in the left section of the membrane and negative in the right section
on all interior horizontal edges. C) Mean vertical traction is also greater on the vertical
edges of the membrane interior (the tails sections), but the traction on the external
edges (the heads sections), though smaller is not negligible. In both cases the traction
acts downwards (i.e. it is positive in the part of the membrane on the right and nega-
tive in the part on the left). D) Mean horizontal traction, which is by far the greatest, is
negative on the vertical edges of the top monolayer (both heads and tails sections) and
positive on the vertical edges of the bottom monolayer (both the heads and tails sec-
tions). The peak value is in all cases in the center of the membrane (x=0 nm).

compressed) in one direction, will compress (or extend) in other two
directions. The ratio is taken to be 0.33 for a bilayer (see Table 2).
These contributions were compared. Given that the vertical normal
strain is much smaller than horizontal normal strain, the vertical normal
stress is likely to be smaller than horizontal normal stress, and it is. Nev-
ertheless, the vertical normal stress and the vertical normal strain pro-
files are not similar owing to the contribution of the horizontal normal
strain, which influences (indirectly) the vertical normal stress more
than the vertical normal strain does (directly). The horizontal normal
stress is however largely associated with the horizontal normal strain,
which is as a rule greater than vertical normal strain.

4.3. Shear stress

The shear stress is an index of where the membrane is most likely to
deform by sliding along a plane parallel to the imposed stress [29,26]. Its
evaluation is of interest because high shear stress may suggest where
the embedded proteins or lipids will ‘experience’ such an influence
and be modified by the membrane. The most surprising finding of this
study is that the shear stress is greater in the tails than in the heads sec-
tions. We expected the opposite because the Young modulus is greater
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Fig. 9. Spatial distribution of the elastic energy density and the elastic energy. A) 2D
plots of the elastic energy density. B-C) The total elastic energy density and its normal
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and bottom (C) monolayer. D-E) The total elastic energy density and its normal hori-
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completely dominated by the horizontal normal contribution. In contrast in the tails
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contribution is not negligible, especially in the middle of the membrane. F) The elastic
energy density in the heads and tails sections and the mean elastic energy density for
the whole membrane. G) The elastic energy in the heads and tails sections and the total
elastic energy of the whole membrane.

in the heads section, and the shear stress is proportional to the Young
modulus [25]. Note also that we also evaluated whether this remains
valid if the thickness of the tails sections increased from 1.3 nm to
2.0 nm, and also if the thickness of the heads sections increased from
0.7 nm to 1.0 nm, and it did. Two factors contribute to the shear stress:
a) change of vertical displacement in horizontal direction, and b)
change of horizontal displacement in vertical direction. Their compari-
son provides the explanation. Although both are individually smaller
in the tails sections, their values differ more from each other, and
being opposite in sign add to a greater total value.

4.4. Traction

Spatial profiles of the normal and shear stress reveal how the forces
that compress/extend and deform the membrane are distributed within
the bilayer. Nevertheless, we also evaluated what the forces (vertical
and horizontal) are on the ‘virtual’ vertical or horizontal edges (i.e. on
the edges that are not physical) within the membrane bilayer, as such
estimates may be intuitively more understandable. Briefly, the spatial

profiles of the vertical traction on the horizontal edges are similar to
those of the vertical normal stress, but are not identical owing to averag-
ing (which is different in two cases — one is on the surfaces sections and
another on the volume sections), and more importantly because the ver-
tical traction on the horizontal edges is determined not only by the ver-
tical normal stress, but also by the shear stress. Similar reasoning applies
when comparing the horizontal traction on the vertical edges with the
horizontal normal stress, but in the later case the difference is negligible,
because the shear stress contribution is relatively much smaller.

4.5. Elastic energy profiles and their components

The elastic energy of the membrane is the potential energy stored in
the shape of the membrane. It reflects the work needed to achieve such
a shape, but also the work that can be done when the membrane
returns to its ‘original’ shape. On the molecular level it reflects the stor-
age of energy caused by the change of the inter-atomic distances be-
tween nuclei. It is useful as an overall measure of where the
membrane is extended/compressed and deformed, and it has been
used to evaluate membrane bilayer-protein interactions. However, cor-
relation of the membrane elastic energy with function of proteins em-
bedded in the membrane gave mixed results. The function of
rhodopsin reconstituted into bilayer could be explained by the changes
of the elastic energy of the membrane, but only partially [36], but the
function of the secondary multidrug transporter LmrP of Lactococcus
lactis appears not to depend on the elastic energy of the membrane,
but on the hydrogen bonding of interfacial headgroups [37]. Moreover,
the activation of the large conductance mechanosensitive channel of
Escherichia coli does not scale with membrane spontaneous curvature,
but with the ability of the annular lipid headgroups to form hydrogen
bonds with the channel [38]. Given that the elastic energy has three
components (normal vertical, normal horizontal and shear [29,25]),
which have very different values and spatial profiles, and that the elastic
energy does not distinguish extension from compression, or these two
from deformation, the interpretation of elastic energy vs. protein func-
tion relationship is not simple. Moreover the extension in one monolay-
er is associated with compression in another monolayer.

In both (top and bottom) heads sections the total elastic energy den-
sity distributions, which are dominated by the horizontal normal com-
ponent, peak in the middle of the membrane, and are zero at both ends.
This is as expected because the elastic energy density is a product of the
horizontal normal stress and strain, and both have such profiles. The
elastic energy density is smaller in the tails sections, its profiles are dif-
ferent, higher at both ends, but lower though not zero in the middle of
the membrane. This is also as expected, as the elastic energy is dominat-
ed by the shear stress and strain components, and their profiles are sim-
ilar to those of the elastic energy density. The elastic energy density is
not zero in the membrane center, and this is due to the contribution
of the horizontal normal elastic energy. Finally, the normal vertical com-
ponent of the elastic energy density is very small in both the heads and
in the tails sections, as are the values of the vertical normal stress and
strain that determine it.

5. Conclusion

Even spatially uniform and constant external force leads to a com-
plex deformation and generates complex spatial profiles of stresses
(shear and normal), traction and of the elastic energy, when the dif-
ference of elastic properties of the heads and tails sections of the
membrane bilayer are taken into account. Distinguishing where the
normal stresses (horizontal or vertical) are the greatest, whether
they are compressive or extensive, but also where the shear stresses
are prominent can be very important in predicting where and how
the membrane interacts with the embedded proteins and lipids,
which more commonly used elastic energy does not discriminate ad-
equately. This is of special relevance since there is a large and growing
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body of evidence demonstrating such interactions, whereas our un-
derstanding of such processes is still rudimentary. In future studies
we will further characterize such interactions, but with the proteins
embedded in the membrane.
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